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Abstract In this paper we have studied information entropy and its time derivative for col-
ored cross-correlated noise driven open systems. These quantities are calculated based on
the Fokker–Planck description of stochastic processes. Our results consider the effect of the
noise correlation strength and correlation time due to the correlation between additive and
multiplicative white noises on the information entropy as well as relaxation time. The inter-
play of deterministic and random forces reveals non-monotonic behavior in the variation of
the information entropy with damping constant.

Keywords Stochastic process · Colored cross-correlated noises · Information entropy ·
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Study of noise driven dynamical system is always an intriguing issue in physics since ran-
dom processes are ubiquitous in almost all disciplines of natural sciences such as physics,
chemistry, biology [1–6]. An appropriate tool for the study of stationary and non-stationary
states [7–16] in stochastic processes is Shanon’s information measure [17, 18]

S = −
∫

W(q, t) lnW(q, t)dq, (1)

which typically is not a conserved quantity. Here W(q, t) is the continuous probability distri-
bution. S as defined in the above equation is called information entropy. The time derivative
of information entropy (dS/dt ) is related to another very important quantity, Fisher’s in-
formation measure [19]. Recent studies [7–12, 19–21] show that these quantities are vital
to the study of the stochastic process in detail. The dS/dt has been studied in the context
of Brownian motion in the presence of temperature gradient and thermodynamics beyond
local equilibrium in Refs. [22, 23]. It has been also studied even in the social science (the
majority-vote model) [15]. There [15] authors showed that the time derivative of informa-
tion entropy exhibits a singularity at the critical point. In Ref. [16] authors has been studied
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the transition from the slow wave sleep to the rapid-eye-movement sleep in terms of infor-
mation entropy. Thus the study of information entropy and its time derivative becomes a
focal theme in the field of stochastic process. The time evolution of S mainly considers the
signature of the rate of phase space expansion and contraction in the stochastic process. This
implies that the specific nature of the random process has a strong role to play with S. Gen-
erally we consider that the noise driven system is thermodynamically closed, which means
that the noise of the medium is of internal origin so that the dissipation and fluctuation get
related through the fluctuation-dissipation relation. However, in a number of situations the
system is thermodynamically open, i.e., the dissipation and the random force are not related
through fluctuation-dissipation relation [24]. In general, origins of the noise in the open sys-
tems which exert two or more random forces are different. The barrier crossing dynamics
with multiplicative and additive white noises aroused strong interest in the early eighties.
However, noise in some stochastic processes may have a common origin and thus can be
correlated [25, 26]. Also Madureira et al. pointed out that fluctuations in some of the model
parameters lead to noise contribution of both additive and multiplicative character, and are
also not independent [27]. The effect of correlations between additive and multiplicative
noise, either on a stationary state or on dynamics of the bistable potential system, have been
widely studied [25, 26, 28–33]. In the present paper we have studied a related issue. Based
on the approximate Fokker–Planck description we have calculated information entropy and
its time derivative for colored cross correlated noises driven system. It is an extension of our
previous works [11, 12] where we considered white cross correlation among the additive
and multiplicative noises. However, from the knowledge of time derivative of information
entropy one can explain experimental results in a simple way. For example, if dS/dt is large
then the barrier crossing rate would be high. Now we mention the relevance of the present
problem in the natural processes. In a complex system there is both thermal and non-thermal
environment. For example, a triggered biological system interacts with its surrounding bio-
molecules (non-thermal environment) as well as solvent particles (thermal environments).
Effect of two environments can be represented by two noise terms in the Langevin equa-
tion of motion. Since the non-thermal environment is affected by the thermal environment,
the two noises must be cross correlated. Thus in addition to the above mentioned physical
processes the effect of cross correlation might be important in many biological processes
such as protein folding kinetics, transport of protein, etc.

To begin with, we consider a stochastic process where both multiplicative and additive
noises are present. The Langevin equation of motion for the present problem can be writ-
ten as

dq

dt
= −V ′(q)

γ
+ q

γ
ζ(t) + 1

γ
η(t), (2)

where V ′(q) is the derivative of potential energy expressed as a function of the particle
coordinate q . γ in (2) is the dissipation parameter. ζ(t) and η(t) are white noises. The two
noise terms are characterized by their means and variances as

〈ζ(t)〉 = 〈η(t)〉 = 0, (3)

〈ζ(t)ζ(t ′)〉 = 2Dδ(t − t ′), (4)

and

〈η(t)η(t ′)〉 = 2D′δ(t − t ′). (5)

Here D and D′ are intensities of multiplicative and additive noises. Since the interaction with
non-thermal environment is relatively stronger than the thermal environment, multiplicative
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and additive noises in (2) are due to non-thermal and thermal environments respectively. We
assume that the correlation time of the ζ(t) and η(t) are non-zero [31–35].

〈ζ(t)η(t ′)〉 = 〈η(t)ζ(t ′)〉 = λ
√

DD′

τ
exp

(
−|t − t ′|

τ

)
, (6)

where τ is the correlation time of the coupling between multiplicative and additive noises.
By colored cross correlation we mean that the non-thermal environment is perturbed by
certain range of thermal bath modes. λ in the above equation corresponds to the correlation
strength. In the limit τ → 0 (6) becomes

〈ζ(t)η(t ′)〉 = 〈η(t)ζ(t ′)〉 = 2λ
√

DD′δ(t − t ′). (7)

Thus the present model is very general from the point of view of cross correlation between
two noises.

A general equation satisfied by the probability distribution of the (2) with (3–6) is given
by [36]

∂

∂t
ρ(q, t) = ∂

∂q

V ′(q)

γ
ρ(q, t) − ∂

∂q

q

γ
× 〈ζ(t)δ[q(t) − q]〉 − ∂

∂q

1

γ
〈η(t)δ[q(t) − q]〉, (8)

where ρ(q, t) = 〈δ[q(t) − q]〉; the average (8) can be calculated for Gaussian noise ζ(t)

and η(t) by the Novikov theorem [37]. Following Ref. [32] one can write an approximate
Fokker–Planck equation corresponding to the Langevin equation (2) as

∂ρ

∂t
=

[
∂

∂q

V ′(q)

γ
− ∂

∂q

(
g(q)

∂g(q)

∂q

)
+ ∂2g(q)2

∂q2

]
ρ, (9)

where

g(q) = [D′ + 2λ
√

DD′
1+τV ′′(qs )

q + Dq2]1/2

γ
. (10)

qs is the equilibrium position in absence of noise. It is to be noted here that the above
Fokker–Planck description is valid if the following condition

1 + τV ′′(qs) > 0 (11)

is hold. For details we refer to Ref. [32]. In the limit τ = 0 the Fokker–Planck description
(9) is an exact description of the stochastic process [28]. The above Fokker–Planck equation
can be written in the form

∂ρ

∂t
= ∂

∂q

V ′(q)ρ

γ
+ ∂lqρ

∂q
+ ∂l1ρ

∂q
+ Q

∂2ρ

∂q2
− 2Dρ

γ 2
(12)

with,

l = 3D

γ 2
, (13)

l1 = 3λ
√

DD′

γ 2(1 + 2τ)
, (14)
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and

Q = D′ + 2λ
√

DD′
1+τV ′′(qs )

q + Dq2

γ 2
. (15)

Now multiplying exp (2Dt/γ 2) on both sides of the Fokker–Planck equation (12) followed
by the transformation

W(q, t) = ρ(q, t) exp

(
2Dt

γ 2

)
, (16)

we get

∂W

∂t
= ∂

∂q

V ′(q)W

γ
+ ∂lqW

∂q
+ ∂l1W

∂q
+ Q

∂2W

∂q2
. (17)

Equation (16) implies that W(q, t) is not normalized if ρ(q, t) is a normalized probability
distribution function. It also implies that a factor exp (−2Dt/γ 2) has to be multiplied with
ρ(q, t) exp (2Dt/γ 2) for W(q, t) to be normalized. Hence normalized W(q, t) and ρ(q, t)

are same. For mathematical convenience we will use (17) and W(q, t) for further calcula-
tions. Equation (17) can be rearranged as

∂W

∂t
= −∂FW

∂q
+ Q

∂2W

∂q2
, (18)

where

F = −
q − l1 (19)

and


 = V ′(q)

qγ
+ l. (20)

The Fokker–Planck equation (18) can be rearranged into the general form of continuity
equation

∂W(q, t)

∂t
= − ∂j

∂q
, (21)

where the current j is defined as

j = FW − Q
∂W

∂q
. (22)

We shall now calculate the time derivative of information entropy using (1) and (21). The
time evolution equation for S can be written as

dS

dt
=

∫
dq

∂j

∂q
lnW. (23)

Performing partial integration on the right hand side of the above equation and then putting
natural boundary conditions, j |boundary = 0, and j lnW |boundary = 0, one obtains

dS

dt
= −

∫
dq

1

W
j

∂W

∂q
. (24)
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To find the explicit time dependence of the above quantity we consider a simple external
force field. In this context we choose

V (q) = 1

2
ω2q2 (25)

in (2) as the potential energy of a simple harmonic oscillator having frequency ω. The condi-
tion (11) implies that the Fokker–Planck equation (9) is valid for arbitrary cross-correlation
time τ for harmonic oscillator. For this linear stochastic process we then search for the
Green’s function or conditional probability solution [38–40] for the system at q at time t

given that it had the value at U ′ at t = 0. This initial condition may be represented by the
δ-function

δ(q − q ′) = lim
ε→∞

√
ε

π
exp[−ε(q − q ′)2]. (26)

√
ε/π is the normalization constant. We now look for a solution of (18) of the form

W(q, t |q ′,0) = exp[G(t)], (27)

where G(t) = −(q − α(t))2/σ(t) + lnν(t).
We will see that by suitable choice of α(t), σ (t), ν(t) one can solve (18) subject to the

initial condition

W(q,0|q ′,0) = lim
ε→∞

√
ε

π
exp[−ε(q − q ′)2]. (28)

Comparing (27) with (28) and G(0) we have σ(0) = 1/ε, α(0) = q ′, ν(0) = √
ε/π . If we

put (27) in (18) and equate the coefficients of equal powers of q we obtain after some algebra

σ̇ (t) = −2
σ(t) + 4Q, (29)

α̇(t) = −
α(t) − l1, (30)

and

1

ν(t)
ν̇(t) = − 1

2σ(t)
σ̇ (t). (31)

Here it is to be noted that in the above calculation we have used approximate values of q and
q2 in the diffusion coefficient Q as 〈q〉eq and 〈q2〉eq respectively. 〈. . .〉eq means the average
value at equilibrium. Now we consider the relevant solutions of σ(t) and α(t) for the present
problem which satisfy the above initial conditions and are given by

σ(t) = 2Q



[1 − exp(−2
t)] + σ(0) exp(−2
t), (32)

and

α(t) =
(

α(0) + l1




)
exp(−
t) − l1



. (33)

Now making use of (27) and (32) in (24) we finally obtain the explicit time dependence of
dS/dt as

dS

dt
= −
 + 2Q

σ
. (34)
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Fig. 1 Plot of dS/dt vs. time
using (34) for the parameter set
γ = 1.0, σ(0) = 0.1, α(0) = 1.0,
D = D′ = ω = 1.0, τ = 0.0 and
λ = 0.5. In inset plot of S vs.
time for the same parameter set
as in the main figure

The above equation can be written in the following form

dS = −
dt + 2Q

σ
dt. (35)

Integrating (35) we have

S(t) = S(0) + 1

2
ln

(
σ(t)

σ (0)

)
. (36)

Now we explore how these quantities change in time. We calculate dS/dt at different times
and plot in Fig. 1. It shows that the time derivative of the information entropy decreases
monotonically as the system approaches the stationary state. This is due to the fact that in
very short time the motion of the particle is mainly governed by the deterministic force and
gradually random force becomes effective, i.e., the random force has maximum tendency to
expand the configuration space against the deterministic one at t → 0 and it reduces with
progress of time. Finally, they balance each other at equilibrium. Thus the rate of change in
width of distribution function and entropy decreases regularly. But the width of the distri-
bution function as well as the entropy increase monotonically in time and finally S attains
a limiting value at long time by virtue of the interplay between the random and determin-
istic forces. The change of S in time has been shown in the inset of Fig. 1. Now we check
explicitly the asymptotic behavior of both S and dS/dt . At t → ∞ (32) reduces to

σ(∞) = 2Q



. (37)

Equation (37) implies that at t → ∞ the right hand side of (34) vanishes and S in (36)
becomes constant. These results are consistent with our natural demand. Now we consider
the relaxation time. Equations (32–33) show that the relaxation time increases through in-
crease of damping constant (γ ), because 
 decreases here. 
, on the other hand, rises for
increase of system frequency or strength of multiplicative noise and as a result of that, the
non-equilibrium system relaxes more rapidly with increase of ω or D.

We examine now how the entropy varies with noise correlation strength λ. In Fig. 2
we have plotted S vs. λ. It shows that S decreases monotonically with λ. This happens
because the effective noise strength (Q) decreases through increase of λ and therefore width
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Fig. 2 Plot of S vs. strength of
cross-correlation(λ) using (36)
for the parameter set γ = 1.0,
σ(0) = 0.1, α(0) = 1.0,
D = D′ = ω = 1.0, τ = 0.0 and
t = 0.25. In inset plot of S vs. τ

for the same parameter set as in
the main figure and λ = 0.5

Fig. 3 Plot of S vs. (γ ) using
(36) for the same parameter as in
the Fig. 2

.

of distribution function as well as entropy become smaller as λ rises. The opposite behavior
is observed in the plot of S vs. τ as Q increases with increase of τ . This is shown in the
inset of Fig. 2.

In the next step we explore the role of damping constant (γ ) on the information entropy.
γ affects both the deterministic force and diffusion constant through 
, l1 and Q respec-
tively. The role of former (deterministic force) is opposite to the latter (diffusion constant)
in regard to the expansion of configuration space. The interplay among damping constant,
noise strength and system frequency is reflected in the fact that the S first increases with in-
crease of γ and then decreases after passing through a maximum. It has been shown in Fig. 3.
Thus the damping constant has an important role in the persistence of non-equilibrium state.

To examine the role of multiplicative noise on expansion of the configuration space we
now plot S vs. D in Fig. 4. It shows that the information entropy decreases monotonically
with increase of the strength of multiplicative noise. This is due to the following fact. The
effective noise strength (Q) as well as the effective damping constant 
 rise for the increase
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Fig. 4 Plot of S vs. strength of
multiplicative noise (D) using
(36) for the same parameter set as
in Fig. 2 parameter

Fig. 5 Plot of S vs. strength of
additive noise (D) using (36) for
the same parameter set as in
Fig. 2

of D. The latter dominates over the former and therefore S decreases through increase of
multiplicative noise strength. But the information entropy becomes larger for higher magni-
tudes of additive noise strength. This has been shown in Fig. 5. 
 does not depend on the
strength of additive noise but Q grows with increase of D′. As a result, the width of the
distribution function as well as the information entropy rise for the increase of strength of
additive noise.

In conclusions, we have studied here the non-stationary states of a noise driven dynamical
system in terms of information entropy, when the coupling between additive and multiplica-
tive noises is colored with noise correlation time τ , based on the Fokker–Planck description
of stochastic processes. We consider time evolution of the information entropy and its time
derivative. For demonstration we have calculated these quantities for harmonic oscillator
(HO) which is an important system insights usually have a wide impact, as the HO consti-
tutes much more than a mere example. Our main observations include the following points.

(1) The time derivative of the information entropy (S) monotonically decreases to zero in
time but the entropy itself regularly increases to a limiting value. The relaxation time
increases through increase of damping constant and it decreases for the increase in sys-
tem frequency as well as the strength of multiplicative noise. The strength and the time
of cross correlation given by (6) have no effect on the relaxation time.

(2) S decreases with increase in strength of cross-correlation λ.
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(3) The information entropy grows with increase of cross-correlation time.
(4) The interplay among damping constant γ , system frequency and random forces shows

that S first increases through increase of γ reaches a maximum and finally decreases.
(5) S decreases with increase of strength of the multiplicative noise. It becomes larger for

higher values of additive noise strength.

The phenomena of noise driven dynamical system are governed by the phase space con-
traction and expansion rates. For example, the barrier crossing rate can be accelerated in-
creasing the expansion rate. Thus we hope that the study of information entropy and its time
derivative in the present paper will be useful for the understanding of the various phenomena
in cross-correlated noise driven systems.
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